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Tre problem concorning the standard trisxial ellipsolid, which 1e closely
connected with the theocry of the figures of zquilibrium, is the problem to dbe
anslyzed here, since the triaxility of owr planet Earth hae been definitely
proved in extremely diversve ways. (By triaxiality ve imply here the ellipsoid
that besc approximates the actual standerd, ar level, surface of tho Earth,
that 1@, the so-called geoid.)

By virtue of this it is expedient to introduce the solution f Stokes’
problem not for an ellipsoid of revolution, for which this problem ia fully
golved, dbut for a triaxial ellipsoid. The fact is, for a standard triaxial
ellipsoid the eolution of Btokes's prodlem, strangely enough, 1e sti1li not
cempleted by means of tho methemetical device most seseatial in tho given
1*7olem, namely the device of Leme's fuuctione. Therefore, the solution which
ve shall give here is .carried out precisely with the aid of theee functioms.
The esomevhat minxr popularity of these functions in problems of theoretical
gravimetry causea the autacr to linger long enough to give safficient deteils
regarding Whese functiios. The rigcrous asolution obtalned for Stokes' rzcblem
enablea cne to give for the triaxial Zerth a generalized Clairaut formula,
vhich finds applicaticn in the determinatiocn »f compression in an ellipsoid.
The various data on the triaxility of the Barth 1s compiled in the annex.
Leningrad, 1946
D. . Zagrebin

INTRODUCTION

With the diescovery of Rewion's lav thers irmediately appearsd twc basic
problems of celestiel mechanics: the problem of determining the motlon of
two ar mare material poiants whose interaction is controlled b~ tae foarces of
dewionish atiraclicn and s prcblsam of dstormining the form of a continuous
rotating liquid mass, homogsneous or not, whose particles are acted upor by
the same Newtonfan ettrections.

GOkt
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A CLL WAL Gl v e wuuwa, Promident mr,nemauclana and ’
phymicists--Clairaut, lhclaurin, Jacobl, Poingere, Lyepunov, end others-- S
developed the theory of the flgures of equilibrium. O ' o
This unified theory cen be analyred into two sharply divergent classes. LR
(1) the theory of figures of eyuilibrium for & rotating hodogensous fluid; i
as( ¢) the theory of figures of eguilibrium of e rotating nonlhomogensous G
- Tli.d mass (Claireut's problem); to thie same class is relsted the thecry of RN

ellipeoidal . igures of equilibrium of a rotating fluid without any asaumpticns
concerning the in*ax‘nal distribution of deneity in the mase (Stokes' problem).

Bslative to the first claea of this theory it ie nacessary to stete that
elthough vhe theory of figures of eguilibrium of a rotating homogénscua fluid
doss not have immediate application in the problem cobcerning the Tigures of
plaaets, which are rochomogeneous, all of this theory wae thoroughly atudied
by sare of the greatest mathemsticiens.

Naturally, 1t ia to be expected that the figure of equilibrium of a
rotating homogeneons fiuild muse hes es ito axis of symmstry the axis of rota-
tion; the first result of this thecry was the so-called ellipsold of Meclaurin '
(diaxial).

: However, in 1834, Jacobl showed for the first tims that sven & triaxial
ellipsold could also be s figurs of equilibrium. Thie figure of equilibrium
possesges threo rlenes, o levels, of aymnetry, but for this case the axis of
Totetion iz no louger the exis of eymmetry ( cf Jacobi C. G.J, Usber die Figar
des Gleichgewichts. Agn. Phys. und Chem. Herausgegeben zu Berlin von J. C.
Poggendorff. XXXIII, 1854).

Later, in 1885, Puincese snowed that for small veriations it a certain
paremeter the conflguration of equilibrium gives way tu enother adjacent com-
figuration of egnilibtrive. ¥or furiher veristione of this parameter there ie
obtained & series of figurss of equilibrium whick Poincare called "lineer
seriea.” Thua, we heve a zsxies of Maclaurin 6llipgoids &nd Jacobi ellipseoids;
it 18 intereseting to rote here that for a treasition from one of thege meries
to anothsr, at e certain cri¥ical point corresponding to a so-culled bifigurs-
tional ellipeoid, therg. ocours-+ enift in the etability of these fi?uras. Thig
ollipacid of bifiguratica is tkus simzltaneouely both & Meclaurin ellipeoid and
a Jecobi ellipeotd {cf Poincars, H. S8ur l'equilibre d'une masse fluide animse
d'un mouvement de rorovicr. Acla Meth. T7; 1885).

Equilfbrium in Maclsurin ellipsoida is expressed in Lame's functious thus:

i — K;_ S 2 ‘-N

T Rz

vhere cmega 1s the engular vslocity of rotation, T is the volume of the ellips-
oid, and R, S are Lams functions of the first and second kind in Poincare's
notation as ussd by Lim in hie book, Figures d'eguilibre d'une massé f luide.

For Jacobi elligsolds 1t 1s necessary thct one more condition be satis-
fledt .
'23‘17 —R, S, - R3S, — K/ S,
R3 Rz
Lyapunov showed that if far certain conditionas, besides e)lipsoids of
revoluticn, 8 triexial ellipsoid can also have & figure of equilibrium, then
the intter ollipsoild is sistls {c<f Iyspuncy A. Ob Ustcychivosti Fllinsoidal'nykh

Form Ravnovesiya Vrashchayushchey, Zhidkosti [ tability of Ellipeoidal Figuro-
of Bquilibriue of Rotating Flui SPb. 1834),
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Uhe divead Claes o Llie cheory p'myé & large rols in the theory of the
flgure .’ the Earth; that is why this theory 1e now regarded es a part of
physical geodesy.

Up t0 the middle of the pasy centary, more preclsely up to the works of
Stokes (1849}, the ihewry of the figure of the Earth, initiated by Clairaut,
weg developed on the Vvasis of certain agsumptions concerning the internal
stracture of the Rarth (cf Stokss u. On Attractions snd Clairast's Theorem.
Cambridge end Dublin, math. J. &, 1849; Clairas* A. Theorie de la figure de
la terre, tiree de principes de 1'hypostatique. 1743).

In his clego work of 1743, Clsiraut gought, as the figurs of equilibricm
of 8 nonhomogeneocus slowly rotating fluid, figures clossly approximating &
sphers. Ae e result of thie work, there appesred the sp-called gpherold of
Clairaut, thet is, the ctendard swrince ar level of reference, which ia deter-
mined by cke well-lmown equation ;== =.( /-x 5/n 27) where r is the radfus cf
the vectar of thie surfece, a 1 the redius of the eguator, alpha 18 the com-
presgicn paremeter, snd phi ie the geographlic latitude. (Strictly epeaking,
1t 18 neceasary Lere to extend ihe geoceniric laiitude, but 1o the firet ap-
woximation, Just ae in Clairaut's investigaticn, the geocentric latitude can

be teken far the geographic latitude, with an accrracy up to quantitise of the
wrder of cumprossion.) )

The gravitational force on Clairaut's sphiere 15 detexmined by the follow-
ing formula: /=VYe (/+3sin*P) where J= 18 the gravitatiomal force ot the
wquator and the coeffic’ ant beta is the relative surplus of gravity at the
poles in compariaon with gravity at the equatar.

Actually, tnr ¢ = 90 degrees ve obtain from this equation the gravita-
tional force at the poles: W=)lI1+8} vhereﬁ:ffey‘ Ye,
(=4

Clairsut's theory establiphed the following relation betveen thie quantity
beta and the comn'easion alpha: «+g=.5 7 where m 1m the ratic of the centrif-
ugal farce to the gravitetional farca at the equatar; that ip: /7= -2=G . Tpe
relation written 1e accurate up to a quantity of the crder of compresaion (alpha).

Introducing into the expansion for the potential the epherical functions of
the gecond und fourth order, Helmert determined his spheroid (cf dolmert F. Dis
matematigchen und physicisllschen Theorien der Hohreren Ceodaspie. 1684). .

The expression for the gravitational force on this sphercid cen be stated
iu the form:

: - -~ |
53;n1¢—6 an12¢+rcos?~¢ncaszl//\—/\a.)_l
t

plus terme of higher ordsr where A is the gocgrephic langituds and A e the
longituds of the great polas, g}, and r are certain coefficients. i

If 1t is assumed that the equatorial moments of ‘nertis are aqual, then
the formula takes the fcrm:

= 'yc('/"l'ﬁs"”z(;’_(e/ s/'ni_2¢)'

Clairaut‘s thecrem for this cass 1 givon by the farmula vhich i accurate up
to quantities of the gecond ardar in alpha inclusively:

Xt =t m—a (A+2Z)+2 5 slus
higher order terms where delta is a certain quantity which Eelmsrt sssumed to
be determined from cbservatioae. However, as noted by Idel-acn, thess ettempts
vere not successful (Idel'som N. I. Tecriya potenteiala. ONTI, 1936).
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Ag for the determination of this quantity .from the assumption that the
surface of & epheroid with the sssumed accuracy ¢c'neides with the surface
of an ellipaoid of revolution, this problem is esssntlally concerncd with
the traneition to the thecry developed by Somigliema, vwhich will be dlecuased
later.

R The classlic work of Clairaut was finighed by Roche, Tlssersnd, Radand,
Co Poincare, and Callandreau. The object of their works was to find agreement
between theory end observetions; the theory in ‘kis case was related 1in one

or another way with the law of densities. :

Ou the base of their investigations, they successfully obtained auch & .
lew of densities which gave the nocessary sgresment betwsen theory and obssrva-
tiong.

After the wark of Stoken cited above, there sppeared the possi‘bility of
‘rejecting all assumptions, whatever they might be, regarding the internal gtruc-
ture of the Earth. In this work Stoke said:

"If, howsver, ve simply accept, &8 the result of obgsrvation, the fact
that the terresstriel surface le & surface of equilibrium (We disregard the in-
significant inaccuracise of the surfece), that ig, that it is perpendiculer to
the direction of gravity, then, independently of any special hypothesie con-
cerning the Internel state or any theory except the theory of universal attruc-
tlca, there exists a noceseary coomectlon belween the auperficial form and the
variatione in gravity aloag the surface, the connection being such that if the
form 1is given then the gravitational variation follows."

Bere Stokes, in connection with another proof of Clairsut‘s theorem,
stated for the first time the theorsm subscquently called by hia nams.

This theorsm Pizzetti ka. foemulated ae follows:

"If *here is given an osternal clomed level surface, and the planet's
me3e and angular velocity of rotation are known, thea the magnitude and direc-
tiom cf gravity sre datemined uniquely for eech point of tne giver surface and
in all external space” (cf Pizzetti, Paolo. Principii della teoria meccanica
della figura dei picneti. 1913).

This thecrem demonstrates the uniqueness, or single-valueness, of the
determination (for the given conditions) of the potential function in the ex-
ternal 1sgion, and at the same time the uniqueness of the magnitude and direc-
tion of gravity. Therefore, in order to solve the problem concerning the grav-
itational force on ths level, or standard, surface, it im necessary first of all
to find the erternal potential function. The seerch for this function in the
case of any planet borndsd by a certain level, or standard, surface, with a .

iven mess and angular velocity of rotation, Pizzetti called Stokes' Probiem.
N. I. Idel'son includes under Stokea's problem another rroblem, numely, the
detez)'mination of the surface of a geold fraom observetions of the geoid's grav-
ity.

Thus, {n arder to solve the problem concerning the gravity on a standard,

. or level, triaxial eilipsuid we must esolve Stokee's problem for this partial
cage of a ievel surface. If now we note that the torrestrial surface cen be
taken ss surface can be taken mg surface of equilibrium, eince as was ghown
by Stokea, the elevation of the land over the sea is ineignificant in compari-
son with the wide convinents, and, ia addaition, this suwrface, as we sav earlier,
closely approximates a triaxial ellipsoid, then tho standard triaxiel ellipeoid
being diecussed by us can be taken as 2 firet approximation to the external stand-
ared purface of the Farth, that 15, and surface of a geoid.
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‘Sumigliens calis the standerd e)™1psoid thua introduced the elliﬁaoid.al
geoid (cf Somigliana €. Sul campe gravitazionale esterno del geoide ellip-
soidico. . Attl della Reale Acc. Nat. del Lincel (Rendiconti) Ser. Sesta,; 11,
fagc. 3). i

The first ons to molve the problem in this vay wag Hamy in 1890. It 1s
intereeting to note that at one stroke he solved the problem (Stokes') with
the ald of Lame's functicms for the cage of a triaxtal ellipsoid (cr Hary .
Remarques sur la thearie geénerale de la figure des planetes. J. de Math.
(Lionviile) ssr. 4,6, 1890).

However, he d1d not cerry out his calculations all the way to the end.
After expending the potential function for the triaxial case he paesed over
to the case of en ellipsoid of revolution, and he 414 not give the gravity
formula.

Pizretti solved Stokes' problem ror the case of the triaxial ellipaoid
with the eld of functicns introduced by Morera. As a resuli he obtained an
exprossion for the components of gravitetional force, Yo )/y . Yz Witk
regpsct to the coordinate axes. : o

However, he 414 not give the formulem for gravity cn & triaxial standard,
or level, ellipeoid. Ne mersly limited himself to a dimcumsion of the case
vhere this ellipsoid differs sligntly from a ephers. Making use of Pizzettl's
golution, in 1928 Mineo for the first tims gave & closed formula for the grav-
ity aa a.triaxzlal level ellipsoid. This formule, which we alao shall obtain
but only in Qur own vay, has ihe following form:

l Y!"_ aYercosiPeos At pY,costp sin®Q4e Yesin*¢
Ve2cos2A+b2sin2 ) cos?d+cisin® p
vhers a, b, ¢ are tho semiaxes of the ellipsoid; %.-),» ¥c are the values for
grevity st the ends of the semlaxes; and ¢ and A are the geographi<al latitude
and longitude (cf Minso C. Sulla gravita superficiale d'un plansta suppoato

elie:)midico a tre amssi. Bell. dell’ Unione Mat. ital., Aano VII, No 2, April,
1928). .

Thia formila was obtained slso by N. K. Migal' in 1937 (cf Migal' N. Con-
clusions of the Exact Formnle for the Acceleretion of Gravity on a level Sur-
face Having the Figure of e Triaxial Ellipsotd (in ducelan). Astro. J. 1k,

Ko 5/6, 1937). -

By a somevhat different means from ours » Samiglisna obtained this same
formule (cf Scmigliana C. Les oexpressicnc finies de la pesanteur norimmle.
Bull. geodes.. No 38, 1933). He gave it in & mare general farm, namely:
i [@—"-»‘-u‘)ﬁ Yaleweos® Q+HB 1 )E Y (w)sin*Acos? $+ (c24u) 5, (w)sin’g
v[(a"‘f‘l—c)Lo:") F(b2+)sin?) Jao:l;t-/-(c,’“-/-u,)siﬂl ¢
vhere ya(u), Yp{u)andj(u)ere values of the gravietion force for the ends

of the semiaxee of an ellipsoid, coufocal with an sllipsoidal @ooid.;qS and y are
gecgraphical latitude snd lmg*uda o1 8o ellipsoid whose oquation is

it , g4

X3
P m +b‘+‘u T ire =/ l

In this squaticn u represeats a parameter which varies from O 4z infinivy .
For the special case u = 0 we cbtain Minso's tormula. From this, by the

vay, Somiglisna gives the following general conclusion: ™The law governing the
distridution of the normal camponent of the gravitation force is identical far
all ellipsoids confocal vith an ellipsoidai geoid.
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For the case of an ellipecid of revolution (a = b) this formulsa thus o
takes the following form: - ' i
1 - R N : ;
v (a2tuE X Yelu)cos ™ # (c24u)2dp(Wir ) adecos $+cipsinig S
s V(e weos > ¢4+ sin? p Voc ostdAf iz @ ) ’
Semigliana was also rirst to glve thess closed erprezsions for the force : W
of gravity on & level ellipmoid of revslution. Accerding %o the solutiun of i
the Sectlon on Geodesy of th~ Internationsl Geophysical and Geodesic Union, R N

held in Stockholm in 1930, the narmel iorce of gravity is axpresssd by the
rroceding cloged formula introduced by us, namely Somigliaua's formula, which
glves the exac: force of gravity on the international wllipsold. For practical
convenience in using thie finite farrula, Cassinis effected ite gerios expan.-
tion, and also gave tables of the normal value of the force of eravity on the
internationel ellipsold (cf Cassinis G. Sur L'adoption d'uns formmle interna-
tiomale pour la pesanteur narmsle. Bull. geodes., No 25, 1930).

The series-expension of Scuiglisns's formula ie:
= )/e \//+f35:n e~ ﬁ, sinzlﬁp" (92_“-"’):4"5“”12 ‘P—ﬂ:,v'"" T sinz, ¢__.. )

vhexe 4 1s the relative excess of the farce of gravity an the pole in com-
parison with the equator; ).1s the farce of gravity ab the sguater. The co-
efficlents y @ are expreseed in tarms of the compreesion parsmster o
and quantity @ Jin t88 following manuer:

p=F52x+20)

0,= 5 a?(2a+38)~ L xs Ga+46)

A strictl'y' ‘exect, sxpression of Clairaut'e thecrem for 1 ellipeoidal
geold of revclution ime the form:

v O(+ﬁ‘—"-—.i:m‘-x,(°‘)

o 2
vhare ™= g% and the chi function X(«), vhich Somigliana inuroduced,
is expreesed by the following se-ies:

) S P S G B & S I PX ;
Xx)=1 35 X197 % g - »

Elesrhere, irstead of this series, they givs & gerles dependent upor ths

secend sccentricity:

2 Q%o 2 —

L N L

This aewles, which is generally designed by C (1), is comnected with the preced-

ing vhl furetion X ( & ) by the relation:

VN L (1 =) C(3%)

‘It 1s nucessary to say that, in order to molve Stokes' puoblem for she rase
of s3llipsoidal level surrfases, Leme's functicns are most essent’ul. It wes also
Plzzetti who indicated the possidility of solving this problem by means of these
Iamo functions (Pizzetti'a "Principii della teoris meccenica della figura del
pianeti” (1913) was translated into Ruseian by A. A. Mikhaylove in 1933.) How-
ever, Plzzetti considers thls method, first uwsed by Hamy, to be rather tiresoms.

The solutidn of Stokes' problem with Leme's functions for the case of a
' lewel ellipacid of revolutics was given by M. I. I86L'50G. Rutihi's WOLK wos

devoted to thip problem (cf Rudzki M. Phygik der Erde (Leipzig) 1911).

In conclusion, let us remark that, from the geansral hydrodynamic point of
view, al} the above-listed prodblems are limited to a &iscuseion of ths gimplest
cage, oly the case of a golid of revolution. In this case, the potential
distridBtion of acceleratioms in a fluid mess gives equilibrial rotation around
en immobile axis (Poincare - Appel theorem); snd when the potentiel of mass
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iurces exisus, vne hyarodynamic equaticas for such conditions aesume the form: - J
V+ SB mw constant

where V is the potential of mess fowces; and tgais the potential of accelera-
tion or, as it is otherwise called, the potential of rotetion.

%e have touched upon ell these problems witk ths aim of determining the
plece which our theory eacsumes emong che above-msntioned theories.
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